Abstract. In this article we obtain a formula relating inflections, bitangencies and the Milnor number of a plane curve germ. Moreover, we present an extension of the formula obtained by the first author and Luis Fernando Mello for a class of plane curves with singularities.
Introduction
The study of plane curves goes far back in history. This study has been carried out from two different points of view, the geometrical one and the algebraic one. In this article we prove different formulae from the geometric and algebraic points of view, but using a common tool. More precisely, given γ : I → R 2 where I is an open interval (γ : (C, 0) → (C 2 , 0) for the complex case), we define the vector field
Using this vector field we study relations between different invariants both in the geometric (real) case and in the algebraic (complex) case. The paper is organized as follows. Section 2 gives the necessary preliminaries for Sections 3 and 4.
For Section 3, consider the following setting: Let γ : I → R 2 , γ(u)=(γ 1 (u), γ 2 (u)) be a smooth plane curve, with I ⊂ R an open interval. A bitangency is a pair of points u, v ∈ I, denoted by (u, v) , such that the tangent line of γ at u coincides with the tangent line of γ at v. A bitangency (u, v) is a same side bitangency if γ near u and γ near v lie on the same side of the common tangent line (see Figure 1 (a)), and a bitangency is an opposite side bitangency if γ near u and γ near v lie on opposite sides of the common tangent line (see Figure 1 (b) ). Analogously a tritangency is defined by the points u, v, w ∈ I such that the tangent lines of γ at u, v and w coincide. A double point is a pair of points u, v ∈ I, denoted by (u, v) , such that γ(u) = γ (v) , that is, a self-intersection of the curve (see Figure 1 (c)), and a triple point is defined by the points u, v, w ∈ I such that γ(u) = γ(v) = γ(w).
An inflection point is a point u ∈ I such that the curvature of γ at u vanishes, i.e. A cusp such that the two parts of the curve adjacent to the cusp lie on opposite sides (on the same side) of the limiting tangent to the curve at the cusp is said to be a cusp of the first kind (second kind).
(a) (b) For a given plane curve, denote by t s and t o the numbers of the same side and opposite side bitangencies respectively, by d the number of double points, by i the number of inflections and by c 1 and c 2 the number of cusps of the first and second kinds, respectively.
Given a closed curve γ : S 1 → R 2 , Fabricius-Bjerre [7] proved, considering a regularity condition slightly stronger than C 1 , that
Later, Fabricius-Bjerre [8] gave a proof of an equation similar to (1.1) for curves with cusps. Halpern [10] proved (1.1) for smooth closed curves satisfying other regularity conditions. His proof applies to curves of class C 4 and relies on techniques based on winding numbers and singular points of vector fields. Weiner [17] generalized the formula to closed curves lying on a 2-sphere. Ferrand [9] related the Fabricius-Bjerre and Weiner formulas to Arnold's invariants for plane curves. Dias and Mello [4] extended equation (1.1) for a class of plane curves γ : R → R 2 . In this paper, we obtain formulae involving these numbers for deformations of a certain class of plane curves G (I, R 2 ) (see Section 3). More specifically, we prove the following theorem, which is an extension of a theorem in [4] . 
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ii) If k is even and m is odd, then
iii) If k is odd and m is even, then
In Section 4, we consider the germ of an irreducible plane curve γ : (C, 0) → (C 2 , 0). We then define Definition 1.1.
;
ii)
The numbers I and δ are the number of inflection points and of double points of a deformation of the curve respectively, andĨ andδ are the global number of inflections and double points (see Section 4). Let T be the number of bitangencies of a deformation of the curve and letT be T plus the number of bitangencies of the curve before the deformation. We give a relation between the number of inflections, double points and bitangencies and then we prove the following: Results similar to Theorem 4.4 have not been found in the literature. A good account on plane curves can be found in [16] . The techniques used in the article to obtain Theorem 4.4 strongly use the fact that the degrees are k, l, m, n. The general case is probably too broad for this type of result. However, it seems likely that there may be similar formulae for certain specific classes of plane curves.
Preliminaries
2.1. Vector fields. Let X : U → R n be a vector field, where U is an open set of R n . Let q be an isolated critical point of X in U . Then the function X(u)/||X(u)|| maps a small sphere, centered at q, into the unit (n − 1)-sphere. It is well known that the degree of this mapping is called the index of X at q and is denoted by ind q (X) or i(q). In the case of a vector field X on a manifold M , we define the index of X at an isolated zero x 0 through a local parametrization.
The topological index of X, ind(X), is an integer such that if X has finitely many critical points p 1 , p 2 , . . . , p k , then
In this context we can state the following well known result; see [11] or [12] . 
In order to study the behaviour of the trajectories of a polynomial planar vector field near infinity, it is possible to use a compactification. One of the possible constructions relies on the stereographic projection of the sphere onto the plane, in which case a single point at infinity is adjoined to the plane. More specifically, let S 2 be the two-sphere in R 3 defined by the set {y ∈ R 3 : y
, known as the Bendixson sphere. The plane R 2 may be identified with the sphere S 2 with the "north pole" p = (0, 0, 1) removed. We shall call the Bendixson compactification of X, s(X), the induced vector field in the two-sphere; for more details, see [6] . Notice that the behaviour of the orbits of X near infinity is determined by the behaviour of s(X) near p = (0, 0, 1). The point p is called the infinite critical point of s(X). We shall refer to the critical points of s(X) which are in S 2 \ p as finite critical points of X or s(X). It follows from equation (2.1) that
Bézout's Theorem and other algebraic considerations.
In Section 4 we will need the following result. Suppose we have n homogeneous polynomials
Note that f i has total degree at most d i . Inside P n , we have the affine space C n ⊂ P n defined by x 0 = 1, and the solutions of the affine equations
are precisely the solutions of F 1 = · · · = F n = 0 which lie in C n . Similarly, the nontrivial solutions of the homogeneous equations
may be regarded as the solutions which lie "at ∞". We say that (2.4) has no solutions at ∞ ifF 1 = · · · =F n = 0 has no nontrivial solutions. 
The proof of Theorem 2.2 may be found in [3] .
To define the local multiplicity of a solution of a system of equations, we use the local ring instead of the polynomial ring, but the idea is much the same. Consider f : (C n , 0) → (C n , 0) to be a holomorphic map germ at the origin. The multiplicity of the germ f at the origin is given by
where O C n ,0 is the ring of germs at 0 of smooth complex-valued functions on C n , and f is the ideal generated by the components of f . We say that f is a finite map germ if μ 0 [f ] < ∞. It is known that the multiplicity of f is the number of preimages of a regular value of f near 0.
where f = (f 1 , . . . , f n ) is finite. Therefore, the dimension of the quotient ring
. . , f n is the number of points of f 1 = · · · = f n = 0 counted with multiplicity. On the other hand, the dimension of O C n ,p / f 1 , . . . , f n is the multiplicity of p. 
for an example.
A geometric formula
In [4] the authors defined G(I, R 2 ) as the set of C ∞ plane curves γ : I → R 2 satisfying the following conditions:
1) The curve γ has a finite number of transversal double points; that is, if (u, v) is a double point, then γ (u) is not a multiple of γ (v) and there are no triple points. 2) The curve γ has a finite number of bitangencies and there are no tritangencies.
3) The curve γ has a finite number of ordinary inflection points; that is, if κ γ (u) = 0, then κ γ (u) = 0, and an inflection point is not part of a bitangency. 
Here we prove an extension of this theorem for a bigger set of plane curves and a different type of deformation. We consider the set G (I, R 2 ) of plane curves which satisfy 1) and 2) of G(I, R 2 ) plus the following conditions:
3 ) The curve γ has a finite number of ordinary inflection points; that is, if κ γ (u) = 0, then κ γ (u) = 0, where u is not a cusp, and an inflection point is not part of a bitangency. 4) The curve γ has a finite number of cusps of the first and second kind. By using standard transversality techniques, it is possible to show that the set
The following proposition establishes a relationship between the zeros of F γ and the geometry of the curve γ.
Proposition 3.3. Consider γ ∈ G (I, R
2 ) and F γ as in (3.1). Then F γ is welldefined in u = v and
Proof. The proof of this proposition, except for the last item, can be found in [4] . It is evident that u) ). Expanding γ(u) and γ (u) into a Taylor series with center at u = v, we have
Taking u = v it follows that
Therefore, F γ (u, u) is well-defined and F γ (u, u) = 0 if and only if det(γ (u), γ (u)) = 0; that is, u is an inflection point or a cusp (γ (u) = 0). ii) The index ind(F γ ) is given by
Proof. i) See Theorem 2.3 in [4] . For the indices of cusps, see Theorem 3.5 in [4] (which is stated here as Theorem 3.8).
ii) It follows from the definition of F γ that F γ (u, v) = (0, 0) if and only if F γ (v, u) = (0, 0). Thus the proof follows from equation (2.1) and item i).
For the calculation of ind(F γ ) in equation (3.2) we need to consider a plane curve α : I → R 2 of the form
where 0 < k < m, a k b m = 0 and I ⊂ R is an open interval containing the origin. We define the associated vector field F α as in (3.1).
Remark 3.5. In the case (k, m) = (Even, Even) we consider the vector field F α /(u+ v) 2 instead of F α . For simplicity this new vector field will be denoted by F α too. 
H(u, 1) = α(u).
ii) There exists δ 0 such that for all s, the subset {F H s (u) = 0} ⊂ B δ . 
Proof. See [4] .
Lemma 3.9. Consider α as above and γ a generic deformation of α. Then
Proof. It is easy to see that the homotopy between the curves α and γ induces a homotopy between the vector fields F α and F γ . Consider s(F α ) :
the Bendixson compactification of the vector fields F α and F γ , respectively. It follows from Proposition 2.1 that ind(s(F α )) = ind(s(F γ )). Equation (2.2) implies that
where ind p (s(F α )) denotes the index of s(F α ) at the infinite critical point p. Therefore,
It can be seen that F α has no critical point at infinity. On the other hand, it follows from condition ii) of Definition 3.6 that F γ does not have infinite critical points either. Thus, ind p (s(F α )) = ind p (s(F γ )) = 0, and therefore 
iii) If k is odd and m is even, then .2)). On the other hand, it follows from Lemma 3.9 that ind(F α ) = ind(F γ ). Hence, we have the following cases:
which is equivalent to equation (3.4) .
Case ii) (k, m) = (Even, Odd). In this case
which is equivalent to equation (3.5).
Case iii) (k, m) = (Odd, Even). In this case
which is equivalent to equation (3.6 ).
An example of a plane curve with k = 2 and m = 5 is illustrated in Figure 3 . 
An algebraic formula
In this section we use the vector field F γ to obtain a formula relating inflections, bitangencies and the Milnor number of plane curve germs.
Let
Definition 4.1. Let γ be defined as above.
By Definition 1.1, I and δ are the number of inflection points and of double points of a deformation of the curve, respectively. It follows from the complex version of Proposition 3.3 that
where T is the number of bitangencies of a deformation of the curve, not counting the sign. Analogously, for the corresponding global notions, we have (4.2)θ = 2T + 2δ +Ĩ, whereT is equal to T plus the number of bitangencies of the curve before the deformation.
where 0 < k < m, a k b m = 0 with k and m co-prime. Then F α has the origin as an isolated zero in C.
Proof. The vector field F α can be written as
It is simple to see that (0, 0) is a zero of F α . We now study the zeros of F α different from the origin. As F α is homogeneous, if (u, v) = (0, 0) is a zero of F α , then all points on the straight line (tu, tv) are zeros too. Suppose (u, v) = (0, 0) and define
Thus it is enough to find the zeros of the system (4.4)
Suppose that z ∈ C with z = 0 is a solution of (4.4). It follows by the first equation of (4.4) that
Substituting the value of z into the second one, we have
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Therefore
Substituting these values in the first equation of (4.4), we have
By assumption k and m are co-prime, so the system (4.4) has no solutions other than X = 1. Proof.
From the comments of Subsection 2.2 it follows that to calculate a dimension of O C 2 ,0 / F γ it is sufficient to consider γ as in (4.3). We have
Thus, f is a homogeneous polynomial of degree
Since k and m are coprime, it follows from Lemma 4.2 that the origin is an isolated zero of F γ . Therefore
On the other hand, it is easy to see that
ii) In the notation of Section 2, consider
where P j is a homogeneous polynomial of degree j. Writing
we have that
By hypothesis, l and n are co-prime. It follows by Lemma 4.2 thatF 1 =F 2 = 0 has the origin as an isolated zero. Therefore f 1 = f 2 = 0 has no solutions at infinity. It follows by Bézout's Theorem that
The proposition is proved.
We know that δ can be calculated in many different ways. For example, Milnor showed in [13] that if the image of the map germ g has defining equation G ∈ O C 2 ,0 , then the local Milnor number
∂G ∂y
of G is related to δ by the formula μ = 2δ − r + 1, where r and δ are the number of branches of the curve and the number of nodes appearing in a stable perturbation, respectively. In the case of germs (r = 1), we have μ = 2δ. The global Milnor number, which we denote byμ, is the sum of all the local Milnor numbers at all the critical points of G. Thus, we have the following: We show in Table 3 the values for the different invariants. It can be seen that both I and T are different for these two germs. However, in [5] and later in [15] the notion of A h -equivalence is introduced. It is a finer version of A-equivalence which preserves the flat geometry (i.e. inflections). Therefore, A h -equivalent germs have equal values for I and T . Finally we make some considerations about the case where there is more than one branch involved. Consider the plane curve germ 
.
Therefore ϑ ij = δ ij + T ij . [16] C. 
